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The Graf product: a Clifford structure frame-
work on the exterior bundle
R. Lopes and R. da Rocha
Abstract. The geometric product, defined by Graf on the space of dif-
ferential forms, endows the sections of the exterior bundle by a structure
that is necessary to construct a Clifford algebra. The Graf product is
introduced and revisited with a suitable underlying framework that nat-
urally encompasses a coframe in the cotangent bundle, besides the vol-
ume element centrality, the Hodge operator and the so called truncated
subalgebra as well.
Keywords. Exterior bundle, Graf product, Graf–Clifford algebra, trun-
cated subalgebra.
1. Introduction
The origins of Clifford algebras reside on the works by Clifford himself [1],
where he introduced a quaternionic setup, employing Hamilton’s quaternions,
to the Grassmann’s theory of extensions [2], deriving a framework that car-
ries the orthogonal geometry of an arbitrary vector space. Thereafter, Lip-
schitz derived representations of rotations, implemented by complex fields,
quaternionic algebras, and their higher-dimensional counterparts, together
with the Clifford (geometric) algebra and the Spin group as well. Cartan
introduced representations of the Clifford algebras and the the periodicity
theorem [3], besides the concept of pure spinors. Witt implemented Clifford
algebras, studying quadratic forms constructed over arbitrary fields that have
characteristic not equal to 2. The case of characteristic 2 was implemented by
Chevalley [4] and Riesz [5], who introduced the isomorphism between Clifford
and exterior algebras.
On 1962, Ka¨hler introduced a new geometric product acting on exterior
differential forms [6]. This new product equipping the Grassmann exterior
algebra makes it to be isomorphic, as an associative algebra, to a Clifford
algebra. This product was detailed by Graf in Ref. [7] and this new algebra
have been named the Ka¨hler-Atiyah algebra. The Clifford product that shall
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be presented in this text is a reformulation of the geometric product defined
by Graf in 1978. Such framework was presented in Ref. [8] via the contracted
wedge product. A posteriori, it has been further introduced in a manifold
setup, in Ref. [11].
This paper constitutes a formal framework for the intrinsic algebraic
structures onto which this product acts, as well as the Clifford algebra of
forms. The desired product is defined, on the underlying sections Γ (
∧
(T ∗M))
of the exterior bundle, making it into a Clifford algebra. Therefore, it is im-
portant to investigate the calculations of certain properties, with respect to
the formal Clifford product. In addition, this product provides the exterior
algebra with an interesting and effective Clifford structure, where the calcu-
lations depend only on the metric tensor and the contraction as well.
This paper ir organized as follows: after fixing the notation and intro-
ducing fundamental algebraic and geometric features in Sect 2, in Sect. 3
the Graf product ⋄ will be presented, by taking a coframe of the cotangent
bundle, what makes the algebra of differential forms to be a Clifford algebra
endowed with the Graf product. The volume element v is then defined as the
exterior product of all the elements of this coframe and therefore its centrality
in (Γ (
∧
(T ∗M)), ⋄) shall be proved. Besides, using the Hodge operator, the
product v⋄ v will be calculated, providing a splitting of Γ (
∧
(T ∗M)). Lastly,
we will study and detail the underlying and derived algebraic structures, the
truncated Graf product and two prominent subalgebras of Γ (
∧
(T ∗M)). It
is important to note that the main algebraic structure in this text is the
set of sections of the exterior bundle, and all the Clifford structures will be
considered on this set.
2. Preparation
Let (M, g) be a paracompact, pseudo-Riemannian, connected manifold
of signature (p, q), with cotangent bundle π : T ∗M → M. The cotangent
exterior bundle shall be denoted, as usual, by π1 :
∧
(T ∗M) → M. All
the Clifford structures will be considered in the sections of exterior bundle∧
(T ∗M), therefore the structure of
∧
(T ∗M) shall be detailed. Firstly, the k-
forms are defined as the sections of the k-power exterior bundle
∧k
(T ∗M), for
k = 0, . . . , dimM, namely, a k-form on an open set U in M is an element of
Γ (U,
∧k(T ∗M)) and a k-form onM is an element of Γ (M,∧k(T ∗M)). Nat-
urally, the differential forms are defined in Γ (M,
∧
(T ∗M)), being such set
called in the literature [16] as the exterior algebra of differential forms onM.
The constant function 1 ∈ C∞(M) is the unit element of Γ (M,
∧
(T ∗M)),
hereon denoted by 1Γ . It is worth to observe that a coframe to
∧k(T ∗M) has(
n
k
)
elements, implying that a coframe of
∧
(T ∗M) has 2n elements, which
are all the exterior products between the elements of a coframe in T ∗M.
For dimM = n, let {ei | i ∈ I = {i1, . . . , in}} be a local frame for TM
at an open subset U ⊂M. The associated coframe for T ∗M is given by the
set of covector sections {ei | i ∈ I}, such that ei(ej) = δij1Γ . Eventually, the
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convenient notations Γ (U,
∧k
(T ∗M)) = Γ (
∧k
) and Γ (U,
∧
(T ∗M)) = Γ (
∧
)
shall be employed.
The metric tensor g : Γ (U, TM) × Γ (U, TM) → R acts on a pair
(ei, ej), whereas the metric tensor g
∗ : Γ (U, T ∗M)×Γ (U, T ∗M)→ R defines
the reciprocal action, as
g(ei, ej) =: gij ∈ R and g
∗(ei, ej) =: gij ∈ R. (2.1)
For an orthogonal coframe {e1, . . . , ep, ep+1, ep+2, . . . , en}, it holds gij = 0, if
i 6= j, gii = 1, if i ∈ {1, . . . , p}, and gii = −1, if i ∈ {p+ 1, . . . , n}.
For a set of indexes Ik = {i1, . . . , ik}, the forms eIk = ei1...ik = ei1∧ei2∧
. . . ∧ eik are defined in Γ (U,
∧
(TM)) and eIk = ei1...ik = ei1 ∧ ei2 ∧ · · · ∧ eik
in Γ (U,
∧
(T ∗M)) for k = 1, . . . , n. Thus, a form f ∈ Γ (U,
∧
(T ∗M)) can be
written at an open set U , with respect to the coframe, as:
f =
n∑
k=1
fIke
Ik , (2.2)
where fIk is a constant associated with the choices of Ik in the coframe.
Naturally, the grade involution is the automorphism given by #(f) =
f̂ =
∑n
k=1(−1)
kfIke
Ik and the reversion is an anti-automorphism defined as
∼(f) = f˜ =
∑n
k=1(−1)
k(k−1)
2 fIke
Ik .
Each fiber of exterior bundle is Z2-graded. Besides, the Z2-grading is
also well defined on
∧k(T ∗M), then it is possible to consider the bundle
splitting
∧
(T ∗M) =
∧+(T ∗M) ⊕∧−(T ∗M), where ∧+(T ∗M) is the even
subbundle in exterior bundle and it is constituted by even exterior algebras
among the fibers. Hence, there is a induced Z2-graded in the sections of
exterior bundle:
Γ+
(∧)
:= Γ
(
U,
∧+
(T ∗M)
)
=
⊕
k=even
Γ
(∧k)
= ker(#− IdΓ (
∧
)), (2.3)
Γ−
(∧)
:= Γ
(
U,
∧−
(T ∗M)
)
=
⊕
k=odd
Γ
(∧k)
= ker(# + IdΓ (
∧
)). (2.4)
Hereon, the volume form shall be regarded as an element
v = vol
(
Γ
(
U,
∧
(T ∗M)
))
= e12...n ∈ Γ
(
U,
∧n
(T ∗M)
)
, (2.5)
where {e1, . . . , en} is the local orthonormal coframe.
Remark 2.1. The Clifford bundle Cℓ(T ∗M) is defined as
π2 :
⊔
x∈M
Cℓ(T ∗xM, gx)→M, (2.6)
where gx = g
∣∣
T∗
x
M
. Since an orthonormal coframe has been considered, the
transition functions of Cℓ(T ∗M), for open sets Ui, Uj ⊂M, are
fij : Ui ∩ Uj → O(n,R). (2.7)
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Note that a transition function of T ∗M on x ∈ U can be interpreted as
an automorphism on the fiber Cℓ(T ∗xM, gx), since fij(x) ∈ O(n,R). It means
that the transition functions of Cℓ(T ∗M) are given by the transition functions
of the cotangent bundle.
The morphism F between the Clifford bundle Cℓ(T ∗M) and the exterior
bundle
∧
(T ∗M) is given by
∧
(T ∗M)
π1
$$■
■■
■■
■■
■■
F
// Cℓ(T ∗M)
π2
zz✉✉
✉✉
✉✉
✉✉
✉
M
(2.8)
for projections π1 and π2, such that F
∣∣∧
k(T∗
x
M)
is given by the Chevalley
mapping
∧k
(T ∗xM) → Cℓ(T
∗
xM, gx)
D1 ∧ . . . ∧Dk 7→
1
k!
∑
σ∈Sk
sgn(σ) Dσ(1) . . .Dσ(k) . (2.9)
Since such mapping is a linear isomorphism of vector spaces, then it is estab-
lished the vector bundle isomorphism between
∧
(T ∗M) and Cℓ(T ∗M) from
their fibers isomorphism.
3. An interesting non-named product
This section is dedicated to formalize some results of the Clifford struc-
tures on the exterior bundle, for this the product defined by Graf will be
chosen and it has now been rewritten via the contracted wedge product. We
also, in this section, will study properties of this product, the volume element
centrality, the Hodge operator in this setup and the truncated structure of
the Clifford algebra of exterior bundle sections, as well as their subalgebras.
Definition 3.1. The contracted wedge product of order l between f1, f2 ∈
Γ (U,
∧
(T ∗M)) [8] is defined iteratively as:
f1 ∧0 f2 = f1 ∧ f2 (3.1)
f1 ∧l f2 =
n∑
i,j=1
gij(ei⌋f1) ∧l−1 (ej⌋f2). (3.2)
The ∧l product between a r-form f1 and a s-form f2 assumes the fol-
lowing possibilities:
1) f1 ∧l f2 = 0, if l > r or l > s or l > n;
2) f1 ∧l f2 can be nonzero, if l ≤ r and l ≤ s.
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In the particular case, if f1 is a r-form and f2 is a s-form then f1∧1 f2 =∑n
i,j=1 g
ij(ei⌋f1) ∧ (ej⌋f2) lies in Γ (U,
∧r−1+s−1
(T ∗M)) and
f1 ∧2 f2 =
n∑
a,b=1
gab(ea⌋f1) ∧1 (eb⌋f2)
=
n∑
a,b=1
gab

 n∑
i,j=1
gij(ei⌋ea⌋f1) ∧ (ej⌋eb⌋f2)

 (3.3)
is an element of Γ (U,
∧r−2+s−2
(T ∗M)).
It is worth to emphasize that the contraction ⌋ maps Γ (U,
∧k
(T ∗M))
on Γ (U,
∧k−1
(T ∗M)). Remembering that ei⌋ej = ej(ei) = δ
j
i 1Γ , it shall be
denoted from now on by δji , for the sake of simplicity.
Proposition 3.2. If f1 = e
I is a r-form and f2 = e
J is a s-form such that
I ∩ J = ∅, then f1 ∧l f2 = 0 for all l ≥ 1.
Proof. Consider an orthonormal coframe eI to Γ (U,
∧
(T ∗M)), a r-form f1 =
eI and a s-form f2 = e
J , where the sets I = {i1, . . . , ir}, J = {j1, . . . , js} are
taken such that I ∩ J = ∅, then
f1 ∧1 f2 =
n∑
i,j=1
gij(ei⌋f1) ∧ (ej⌋f2)
=
n∑
i,j=1
gij(ei⌋e
i1...ir ) ∧ (ej⌋e
j1...js) (3.4)
=
n∑
i,j=1
gij(δi1i e
i2...ir−ei1∧(ei⌋e
i2...ir ))∧(δj1j e
j2...js−ej1∧(ej⌋e
j2...js)).
In Eqs. (3.4), continuing the calculations of contractions, the values of i are
taken according the values for {i1, . . . , ir}, such that δ
ik
i = 1, k = 1, . . . , r.
Analogously, the values of j are taken in {j1, . . . , js} such that δ
jm
j = 1,
m = 1, . . . , s. As the coframe is orthonormal and the values for i and j
are different, then gij = 0, for all i, j and, therefore, f1 ∧1 f2 = 0. Now,
suppose that the contracted wedge product of order l > 1 between forms, on
the conditions of this proposition, is zero. Let us prove that the contracted
wedge product of order l+1 between forms of this kind is then zero. In fact,
let us take f1 = e
i1...ir and f2 = e
j1...js such that their superscript indexes
are different. Thus, f1 ∧l+1 f2 =
∑n
i,j=1 g
ij(ei⌋f1) ∧l (ej⌋f2), since ei⌋f1 is a
(r− 1)-form and ej⌋f2 a (s− 1)-form that are spanned by distinct subsets of
the coframe, then the inductive hypothesis yields (ei⌋f1) ∧l (ej⌋f2) = 0 and,
therefore, f1 ∧l+1 f2 = 0. 
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Definition 3.3. Given forms f1 ∈ Γ (U,
∧r
(T ∗M)) and f2 ∈ Γ (U,
∧s
(T ∗M)),
r ≤ s, the product ⋄ [8] between f1 and f2 is defined according
f1 ⋄ f2 =
r∑
l=0
(−1)l(r−l)+[
l
2 ]
l!
f1 ∧l f2, (3.5)
whereas
f2 ⋄ f1 = (−1)
rs
r∑
l=0
(−1)l(r−l+1)+[
l
2 ]
l!
f1 ∧l f2. (3.6)
Theorem 3.4. (Γ (U,
∧
(T ∗M)), ⋄) is a Clifford algebra.
Proof. For an arbitrary element ei in a coframe {e1, . . . , en}, the square of
elements ei in relation to the product ⋄ is given by
(ei)2 = ei ⋄ ei =
1∑
l=0
(−1)l(1−l)+[
l
2 ]
l!
ei ∧l e
i
= ei ∧ ei + ei ∧1 e
i
=
n∑
j,k=1
gjk(ej⌋e
i) ∧ (ek⌋e
i)
=
n∑
k=1
gikδik = g
ii1Γ . (3.7)
From Eq. (3.7), it is possible to conclude that the exterior algebra of the forms
Γ (U,
∧
(T ∗M)), equipped with the product ⋄, is indeed a Clifford algebra. 
Note that an orthonormal coframe yields (ei)2 = ±1Γ .
Due to its importance this Clifford algebra presented in the Theorem
3.4 will be named hereon by Graf–Clifford algebra. This important product
between the local sections of the exterior bundle has not a proper name
heretofore, up to our knowledge, and for this reason the product ⋄ shall be
referred throughout the text as the Graf product.
Furthermore, the elements of an orthonormal coframe {e1, . . . , en} anti-
commute among them, with respect to the Graf product for i 6= j:
ei ⋄ ej =
1∑
l=0
(−1)l(1−l)+[
l
2 ]
l!
ei ∧l e
j
= ei ∧ ej + ei ∧1 e
j
= ei ∧ ej +
n∑
r,s=1
grs(er⌋e
i) ∧ (es⌋e
j)
= ei ∧ ej + gij1Γ = e
i ∧ ej
= − ej ⋄ ei. (3.8)
Remark 3.5. The presence of the tensor components gij is fundamental in
the contracted wedge product for the definition of the Graf product ⋄. In fact,
taking a manifold (M, g) such that dimM = 2, in Γ (
∧
) yields e12 ⋄ e12 =
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−1Γ when (p, q) = (2, 0) or (0, 2) and e12 ⋄ e12 = 1Γ when (p, q) = (1, 1),
where {e1, e2} is the local orthonormal coframe. If the definition of the Graf
product disregarded the metric components gij , then the resulting product
on (e12, e12) would be equal to 0.
Proposition 3.6. On the conditions of Proposition 3.2, the Graf product co-
incides with the exterior product.
Proof. For a r-form f1 and a s-form f2, r ≤ s, on the conditions of Eq. (3.4)
yields
f1 ⋄ f2 =
r∑
l=0
(−1)l(r−l)+[
l
2 ]
l!
f1 ∧l f2
= f1 ∧ f2 +
r∑
l=1
(−1)l(r−l)+[
l
2 ]
l!
f1 ∧l f2
= f1 ∧ f2 + 0
= f1 ∧ f2. (3.9)

Now, let us consider a r-form f1 and a s-form f2 such that r ≤ s. One
defines the product △ between f1 and f2 as
f1 △ f2 =
r∑
l=0
(−1)l(r−l+1)+[
l
2 ]
l!
f1 ⋄l f2, (3.10)
where ⋄l is the contracted Graf product of order l between f1 and f2, which
is iteratively defined by
f1 ⋄0 f2 = f1 ⋄ f2 (3.11)
f1 ⋄l f2 =
n∑
i,j=1
gij(ei⌋f1) ⋄l−1 (ej⌋f2). (3.12)
Proposition 3.7. The product △ restricted to Γ (U, T ∗M) is the wedge product.
Proof. Let ek, em be elements in the coframe of T ∗M for k 6= m, thus
ek △ em = ek ⋄ em + (−1)1(2−1)ek ⋄1 e
m
= ek ∧ em −
n∑
i,j=1
gij(ei⌋e
k) ⋄ (ej⌋e
m)
= ek ∧ em − gkm︸︷︷︸
0
δkk1Γ ∧ δ
m
m1Γ = e
k ∧ em. (3.13)
Furthermore, if k = m = then
ek △ ek = ek ⋄ ek − ek ⋄1 e
k = gkk1Γ − g
kkδkk1Γ ∧ δ
k
k1Γ
= gkk1Γ − g
kk1Γ = 0. (3.14)
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Hence, the product △ over sections of T ∗M, which is defined from the Graf
product is actually the wedge product ∧. 
Let ei be a section of T ∗M, since Γ (M, T ∗M) can be included in
Γ (M,
∧
(T ∗M)) and considering the identification∧
(T ∗M)
F
−→ Cℓ(T ∗M) (3.15)
then the mapping F ◦ ei lies in Γ (M, Cℓ(T ∗M)). This means that a coframe
{e1, . . . , en} of T ∗M can be included in Γ (M, Cℓ(T ∗M)), this is, there is an
identification
Γ (M,
∧
(T ∗M))←→ Γ (M, Cℓ(T ∗M)), (3.16)
once {e1, . . . , en} generates Γ (M,
∧
(T ∗M)). Besides, if ei ∈ Γ (M, T ∗M)
then the composition F ◦ ei can be identified with ei, namely, ei can be
included in Γ (M, Cℓ(T ∗M)).
Let us consider x ∈ U ⊆M, thus {e1(x), . . . , en(x)} generates the fiber
Cℓ(T ∗xM, gx), a Clifford algebra, where gx = g
∣∣
T∗
x
M
, yielding
(ei(x))2 = gx(e
i(x), ei(x)). (3.17)
Thus it is possible to induce a product ∗ in Γ (U, Cℓ(T ∗M)), which is defined
as follows:
ei ∗ ei = g(ei, ei), (3.18)
whereas
ei(x) • ei(x) = g
∣∣
T∗
x
M
(ei(x), ei(x)), ∀x ∈ U, (3.19)
where • is the Clifford product in the fiber Cℓ(T ∗xM, gx). These two products
∗ and • are essentially different, since they regard distinct structures. On the
one hand, the product • is the Clifford product on the algebra Cℓ(T ∗xM, gx),
whereas the product ∗ is only the generalized product defined on Cℓ(T ∗M)-
sections, whose structure is not the same as of Cℓ(T ∗xM, gx). Such product ∗
was merely defined to clarify that Γ (U, Cℓ(T ∗M)) has an underlying geomet-
ric structure of a Clifford algebra, provided by the algebraic Clifford structure
of the fibers.
Since Γ (U,
∧
(T ∗M)) is identified with Γ (U, Cℓ(T ∗M)), then a local
coframe of Cℓ(T ∗M) can be obtained from the local coframe {ei1 ∧ · · · ∧
eik | i1 < · · · < ik; k = 1, . . . , n}, i. e., the set {ei1 ∗ · · · ∗ eik | i1 < · · · <
ik; k = 1, . . . , n} is a coframe for Cℓ(T ∗M). Therefore, (Γ (U, Cℓ(T ∗M)), ∗)
has a structure of Clifford algebra.
Remark 3.8. It is clear that both (Γ (U,
∧
(T ∗M)), ⋄) and (Γ (U, Cℓ(T ∗M)), ∗)
are Clifford algebras. Both these Clifford algebras do exist by virtue of the
geometric structure considered. Regarding the inherent algebraic structure,
the exterior algebra is in fact, not a Clifford algebra. However, it can be
turned into a Clifford algebra as long as one considers the Graf product and
the geometric structure of the sections of
∧
(T ∗M) and Cℓ(T ∗M).
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From now on we will prove some results about the volume element. Since
the coframe {e1, . . . , en} is orthonormal, then the matrix that represents g∗
reads diag(g11, g22, . . . , gnn).
Proposition 3.9. The volume element v squares according to
v ⋄ v =
{
+1Γ , if p− q ≡4 0, 1⇔ p− q ≡8 0, 1, 4, 5
−1Γ , if p− q ≡4 2, 3⇔ p− q ≡8 2, 3, 6, 7
. (3.20)
Proof. Let us use the definition of the Graf product on (v, v):
v ⋄ v = (e1 ∧ · · · ∧ en) ⋄ (e1 ∧ · · · ∧ en)
=
n∑
l=0
(−1)l(n−l)+[
l
2 ]
l!
(e1 ∧ · · · ∧ en) ∧l (e
1 ∧ · · · ∧ en)
= e1∧· · ·∧en∧e1∧· · ·∧en+(−1)n−1e12...n ∧1 e
12...n
+
1
2
(−1)2(n−2)+1e12...n ∧2 e
12...n+
1
3!
(−1)3(n−3)+1e12...n ∧3 e
12...n
+· · ·+
1
n!
(−1)[
n
2 ]e12...n ∧n e
12...n. (3.21)
For l = 0, 1, 2, . . . , n−1, the terms gii are always accompanied by a term gjk,
with k 6= j, thus making v∧l v to vanish. Nevertheless, the contracted wedge
product of order n on (v, v) is v ∧n v = n! g11g22 . . . gnn 1Γ . Therefore
v ⋄ v = (−1)[
n
2 ] g11g22 . . . gnn 1Γ = (−1)
[n2 ](−1)q 1Γ . (3.22)
Since q+
[
n
2
]
≡2
{
p−q
2 , if n is even
p−q−1
2 , if n is odd
, for p−q ≡4 0, 1, it is possible
obtain the even values of p−q2 and
(p−q)−1
2 . For p− q ≡4 2, 3, these fractions
present odd values. Hence, it follows that
v ⋄ v = (−1)[
n
2 ]+q 1Γ =
{
+1Γ , if p− q ≡4 0, 1⇔ p− q ≡8 0, 1, 4, 5
−1Γ , if p− q ≡4 2, 3⇔ p− q ≡8 2, 3, 6, 7
.

The next proposition concerns about the necessary conditions for v to
be central:
Proposition 3.10. If n = dimM is odd, then v is central on the Graf–Clifford
algebra.
Proof. Given f ∈ Γ (U,
∧m
(T ∗M)), the result of f ⋄ v has the term f ∧i v
equals zero, for i = 0, . . . ,m − 1, when e1 ∧ . . . ∧ en is contracted k times,
appearing all possible (n− k)-forms in the final expression, 1 < k < m, that
vanish when multiplied with f contracted k times. Therefore, in the term
f ∧k v it appears forms eI , where I has at least two repeated elements and,
when it does not happen, the coefficients that follow the forms are of the
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type gij = 0 for i 6= j. If k > m, then f ∧k v = 0, being also f , contracted m
times, a multiple of 1Γ . Hence,
f ⋄ v =
m−1∑
l=0
(−1)l(m−l)+[
l
2 ]
l!
f ∧l v+
(−1)m(m−m)+[
m
2 ]
m!
f ∧m v
=
1
m!
(−1)[
m
2 ]f ∧m v. (3.23)
On the other hand,
v ⋄ f = (−1)nm
(−1)m(m−m+1)+[
m
2 ]
m!
f ∧m v
=
1
m!
(−1)mn+m+[
m
2 ]f ∧m v. (3.24)
When n is odd the values of mn+m are even for all m, thus
v ⋄ f =
1
m!
(−1)mn+m(−1)[
m
2 ]f ∧m v
=
1
m!
(−1)[
m
2 ]f ∧m v
= f ⋄ v. (3.25)
Hence, v commutes with f ∈ Γ (U,
∧
(T ∗M)) if the dimension of M is odd.

Definition 3.11. The Hodge operator ⋆ can be defined in relation to the Graf
product as
⋆ : Γ (U,
∧r
(T ∗M)) → Γ (U,
∧n−r
(T ∗M))
f 7→ f ⋄ v
. (3.26)
This Hodge operator is well-defined, since from Eq. (3.23) holds
⋆ f =
1
r!
(−1)[
r
2 ]f ∧r v, (3.27)
which in turn is a (n−r)-form because f ∧r v lies in Γ (U,
∧n−r
(T ∗M)). This
chosen definition is an adaptation that disregards the reversion of f in the
definition used in [10].
Observe that the next identities hold:
⋆ 1Γ = 1Γ ⋄ v =
(−1)0(0−0)+[
0
2 ]
0!
1Γ ∧0 v = 1Γ ∧ v = v, (3.28)
⋆ v = v ⋄ v =
{
+1Γ , if p− q ≡4 0, 1⇔ p− q ≡8 0, 1, 4, 5
−1Γ , if p− q ≡4 2, 3⇔ p− q ≡8 2, 3, 6, 7
. (3.29)
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Besides, is f lies in the Graf–Clifford algebra, then the Hodge operator
squared reads:
⋆2(f) = ⋆(f ⋄ v)
= f ⋄ (v ⋄ v)
= (v ⋄ v) ∧ f
=
{
+1Γ ∧ f = f, if p− q ≡8 0, 1, 4, 5
−1Γ ∧ f = −f, if p− q ≡8 2, 3, 6, 7
.
(3.30)
Thereat, defining Γ±
⋆2
= {f ∈ Γ (U,
∧
(T ∗M)) | ⋆2 f = ±f}, the Hodge
operator provides another Z2-grading for the Graf–Clifford algebra.
Now, consider the elements p± :=
1
2 (1Γ ± v) ∈ Γ (
∧0
) ⊕ Γ (
∧n
), they
satisfy the properties
p+ + p− = 1Γ , (3.31)
p± ⋄ p± =
{
1
2 (1Γ ± v), if p− q ≡8 0, 1, 4, 5
± 12v, if p− q ≡8 2, 3, 6, 7
, (3.32)
p± ⋄ p∓ =
{
0, if p− q ≡8 0, 1, 4, 5
1
21Γ , if p− q ≡8 2, 3, 6, 7
. (3.33)
Then it follows that the right regular representation of an element f ∈
Γ (U,
∧
(T ∗M)) by p± is defined by:
Rp±(f) = P±(f) := f ⋄ p± =
1
2
(f ± f ⋄ v) =
1
2
(f ± ⋆f), (3.34)
namely,
P± =
1
2
(IdΓ (
∧
) ± ⋆). (3.35)
By Eqs. (3.31), (3.32) and (3.33), it follows that P+ + P− = IdΓ (
∧
) and
P 2± = P±, P± ◦ P∓ = 0.
The sets
Γ± := P±
(
Γ
(∧))
= Γ
(∧)
⋄ p± (3.36)
are not always subalgebras of (Γ (
∧
), ⋄).
Proposition 3.12. If p− q ≡8 0, 1, 4, 5, then Γ (U,
∧
(T ∗M)) = Γ+ ⊕ Γ−.
Proof. If p−q ≡8 0, 1, 4, 5, for f1 ∈ Γ+ and f2 ∈ Γ− there exists g, h ∈ Γ (
∧
),
such that f1 = P+(h) =
1
2 (h+ ⋆h), and f2 = P−(g) =
1
2 (g − ⋆g). Hence,
⋆f1 =
1
2
(⋆h+ ⋆2h) =
1
2
(⋆h+ h) = f1 (3.37)
⋆f2 =
1
2
(⋆g − ⋆2g) =
1
2
(⋆g − g) = −f2, (3.38)
meaning that for p− q ≡8 0, 1, 4, 5, it implies that
Γ± =
{
f ∈ Γ
(∧)
| ⋆ f = ±f
}
(3.39)
and for this reason there is a splitting Γ (U,
∧
(T ∗M)) = Γ+ ⊕ Γ−. 
Remark 3.13. If p − q ≡8 2, 3, 6, 7, this splitting does not necessarily exist
over R.
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In addition, this implies that if f ∈ Γ± and p− q ≡8 0, 1, 4, 5, then
P±(f) =
1
2
(f ± ⋆f) =
1
2
(f ± (±f)) = f. (3.40)
Proposition 3.14. If n is odd and p− q ≡8 0, 1, 4, 5, then
i) P± are endomosphisms,
ii) Γ± are subalgebras of Γ (
∧
) and
iii) the units of Γ± are p±.
Proof. i) and ii) For f1, f2 ∈ Γ (
∧
), note that
P±(f1) ⋄ P±(f2) =
1
4
(f1 ± f1 ⋄ v) ⋄ (f2 ± f2 ⋄ v)
=
1
4
f1⋄f2 ±
1
4
f1⋄f2⋄v±
1
4
f1⋄v⋄f2 +
1
4
f1⋄v⋄f2⋄v,(3.41)
which is not necessarily the image of an element in Γ (
∧
) by P±.
Regarding Eq. (3.41), if v is central (n odd) and p − q ≡8 0, 1, 4, 5,
thus P±(f1) ⋄ P±(f2) = P±(f1 ⋄ f2), namely, P± are endomorphisms of
Γ (U,
∧
(T ∗M)) and under such conditions the sets (Γ±, ⋄) are closed in rela-
tion to the Graf product and therefore are subalgebras of Γ (U,
∧
(T ∗M)).
iii) A good attempt the units of Γ± is given by the following elements
P±(1Γ ) =
1
2
(IdΓ (
∧
)(1Γ )± ⋆(1Γ ))
=
1
2
(1Γ ± 1Γ ⋄ v) =
1
2
(1Γ ± v) = p±. (3.42)
Indeed they are: for f ∈ Γ (
∧
), since p− q ≡8 0, 1, 4, 5 yields
P±(f) ⋄ p± =
1
4
(f ± f ⋄ v± f ⋄ v+ f ⋄ v ⋄ v)
=
1
2
(f ± f ⋄ v) = P±(f). (3.43)
and here it is important that n be odd
p± ⋄ P±(f) =
1
4
(f ± v ⋄ f ± f ⋄ v+ v ⋄ f ⋄ v)
=
1
2
(f ± f ⋄ v) = P±(f). (3.44)

Consider the splitting
Γ
(
U,
∧
(T ∗M)
)
= ΓL ⊕ ΓU :=
[n2 ]⊕
k=0
Γ
(∧k)
⊕
n⊕
k=[ n2 ]+1
Γ
(∧k)
. (3.45)
The endomorphisms P± are emulated under this splitting: the lower trunca-
tion PL(f) = fL :=
∑[n2 ]
k=0 fIke
Ik and the upper truncation PU (f) = fU :=∑n
k=[ n2 ]+1
fIke
Ik . In this notation, the split spaces are ΓL = PL(Γ (
∧
)) and
ΓU = PU (Γ (
∧
)) and these new endomorphisms are central, commuting,
idempotents.
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For f ∈ Γ (U,
∧
(T ∗M)), it is established that ⋆f = ±f if p − q ≡8
0, 1, 4, 5, implying that ±(fL + fU ) = ±f = ⋆f = ⋆(fL + fU ) = ⋆fL + ⋆fU .
Since fL and ⋆fU are elements of
⊕[n2 ]
k=0 Γ (
∧k
) and fU , ⋆fL ∈
⊕n
k=[ n2 ]+1
Γ (
∧k
),
it follows that
fL = ± ⋆ fU and fU = ± ⋆ fL. (3.46)
Hence,
f = fL + fU = fL ± ⋆fL = 2P±(fL) = 2P±(PL(f)) = P±(2PL(f)). (3.47)
Since ΓL is not a subalgebra of the Graf–Clifford algebra, it is necessary to
define a new product:
Definition 3.15. The truncated Graf product is defined as follows
± : Γ (
∧
)× Γ (
∧
) → ΓL ⊂ Γ (
∧
)
(f1, f2) 7→ 2PL(P±(f1) ⋄ P±(f2))
. (3.48)
Thus the preservation problem is solved. Indeed,
P±(f1 ±f2) = P±(2PL(P±(f1) ⋄ P±(f2)))
(3.47)
= P±(f1) ⋄ P±(f2). (3.49)
On the conditions of the Proposition 3.14, the mappings P± are endomor-
phisms. Hence, Eqs. (3.48) and (3.49) can be refined as follows,
f1 ±f2 = 2PL(P±(f1 ⋄ f2)), ∀f1, f2 ∈ Γ (
∧
), (3.50)
and
P±(f1 ±f2) = P±(f1 ⋄ f2). (3.51)
Remark 3.16. Whilst the set ΓL is not necessarily a subalgebra of the Graf–
Clifford algebra, it is a subalgebra of the Truncated algebra (Γ (
∧
), ±).
Proposition 3.17. If n is odd and p− q ≡8 0, 1, 4, 5, then the unit section 1Γ
is the unit of (ΓL, ±).
Proof. For an arbitrary f ∈ ΓL yields
f ±1Γ = 2PL(P±(f) ⋄ P±(1Γ ))
= 2PL(P±(f) ⋄ p±)
= 2PL(
1
4
(f ± f ⋄ v) ⋄ (1Γ ± v))
=
1
2
PL(f ± f ⋄ v± f ⋄ v+ f ⋄ v ⋄ v)
=
1
2
(f + f ⋄ (v ⋄ v))± PL(f ⋄ v)
=
{
f ± PL(f ⋄ v), if p− q ≡8 0, 1, 4, 5
±PL(f ⋄ v), if p− q ≡8 2, 3, 6, 7
. (3.52)
If n is odd, then f ⋄ v is at least a (n− [n2 ])-form such that n− [
n
2 ] 6= [
n
2 ]. It
implies, in this case, PL(f ⋄ v) = 0. Hence, when p− q ≡8 0, 1, 4, 5 and n is
odd, it yields
f ±1Γ = f, ∀f ∈ ΓL. (3.53)
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On the other hand, if n is odd then v is central, hence
1Γ ±f = 2PL(p± ⋄ P±(f))
= 2PL
(
1
4
(1Γ ± v) ⋄ (f ± f ⋄ v)
)
=
1
2
PL(f ± v ⋄ f ± f ⋄ v+ v ⋄ f ⋄ v)
=
1
2
(f + v ⋄ f ⋄ v)±
1
2
PL(f ⋄ v+ v ⋄ f)
=
1
2
(f + f ⋄ (v ⋄ v))± PL(f ⋄ v)
=
{
f ± PL(f ⋄ v), if p− q ≡8 0, 1, 4, 5
±PL(f ⋄ v), if p− q ≡8 2, 3, 6, 7
. (3.54)
Then, under the conditions that regard Eq. (3.53), it yields 1Γ ±f = f . 
Proposition 3.18. If n is odd and p− q ≡8 0, 1, 4, 5, then (ΓL, ±) ∼= (Γ±, ⋄).
Proof. Consider the mappings P±
∣∣
ΓL
: (ΓL, ±) → (Γ±, ⋄) and 2PL
∣∣
Γ±
:
(Γ±, ⋄) → (ΓL, ±), which are homomorphisms of subalgebras. In fact, for
arbitrary f1, f2 ∈ ΓL
P±
∣∣
ΓL
(f1 ±f2) = P±
∣∣
ΓL
(2PL(P±(f1) ⋄ P±(f2)))
= P±
∣∣
ΓL
(2PL(P±(f1 ⋄ f2)))
= P±(f1 ⋄ f2)
= P±(f1) ⋄ P±(f2)
= P±
∣∣
ΓL
(f1) ⋄ P±
∣∣
ΓL
(f2). (3.55)
and for arbitrary f1, f2 ∈ Γ±
2PL
∣∣
Γ±
(f1 ⋄ f2) = 2PL
∣∣
Γ±
(f1 ⋄ f2)
= 4
(
2PL
(
1
2
f1 ⋄
1
2
f2
))
= 4(2PL(P±(PL(f1) ⋄ P±(PL(f2))))
= 4(2PL(P±(PL
∣∣
Γ±
(f1) ⋄ P±(PL
∣∣
Γ±
(f2))))
= 4PL
∣∣
Γ±
(f1) ±PL
∣∣
Γ±
(f2)
= 2PL
∣∣
Γ±
(f1) ±2PL
∣∣
Γ±
(f2). (3.56)
The homomorphism P±
∣∣
ΓL
is injective, given f1, f2 ∈ ΓL, if P±
∣∣
ΓL
(f1) =
P±
∣∣
ΓL
(f2), then P±(PL(f1)) = P±(PL(f2)) ⇒
1
2f1 =
1
2f2 ⇒ f1 = f2. In
addition, this mapping is surjective: given f ∈ Γ±, the element 2PL
∣∣
Γ±
(f) ∈
ΓL is such that f = P±(2PL(f)) = P±
∣∣
ΓL
(2PL
∣∣
Γ±
(f)), which implies that
ImP±
∣∣
ΓL
= Γ±. Thus, P±
∣∣
ΓL
is an isomorphism of subalgebras. 
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Therefore if n is odd and p − q ≡8 0, 1, 4, 5 the truncated subalgebra
(ΓL, ±) is isomorphic to (Γ±, ⋄), such structures will be very useful to find
new pinor and spinor classes.
4. Conclusions
The main goal here has been to introduce the Graf product that endows
a Clifford algebra, emulating the Riezs’ construction of Clifford algebras,
the Ka¨hler-Atiyah algebra, into a Clifford and exterior bundle contexts. The
volume element centrality is discussed in (Γ (U,
∧
(T ∗M)), ⋄). The Hodge
operator has fundamental importance in the developed setup, since it splits
the space Γ (U,
∧
(T ∗M)) and the truncated structures can be, then, defined.
Hence, the truncated Graf product has been introduced. Besides a thorough
formalism that excels the Ka¨hler-Atiyah algebra, this framework is a very
useful one to pave the real pinor bundles on (M, g), defined as a vector
bundle equipped with a morphism of bundles of algebras that play the role of a
bundle of modules over the Ka¨hler-Atiyah bundle, namely, the exterior bundle
endowed with the geometric product emulated by the Graf one. This is a
fundamental framework that pave the way to define pinor and spinor bundles,
whose paramount structural importance and huge spectrum of applications
has been studied in Ref. [10, 11], where new classes of spinor fields have been
derived in several dimensions and signatures in Refs. [12, 13, 14, 15]. We are
going to employ the setup here developed to studied further classes of spinor
fields in manifolds of signature (9,0), being beyond of the scope of this work.
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